
Matrices and Linear Trans. Assignment #10 Due Aug 2

Show your work and justify all answers.

(11 pts)

(1) [+1] Suppose that A is a non-singular matrix with A,A−1 ∈ Zn×n; that is both A and A−1 have only

integer entries. What are the possible values for detA?

(2) [+1] Show that if n is odd, then A−AT is singular for all A ∈ Cn×n.

(3) [+1] Find the eigenvalues and eigenspaces of

[
5 −3

6 −4

]
.

(4) [+2] Suppose that A ∈ Cn×n satisfies A2 = A. Prove that A is diagonalizable.

(Hint: you may find some inspiration in a previous homework)

(5) Suppose that A ∈ Cn×n has characteristic polynomial PA(t) = (t−λ1)m1 · · · (t−λk)mk where λ1, . . . , λk ∈
C are distinct; that is, A has eigenvalues λ1, . . . , λk where λi has multiplicity mi. Define QA(t) =

(t− λ1) · · · (t− λk).

(a) [+1] Show that if A is diagonalizable, then QA(A) = On.

(b) [+1] Find an example of some A ∈ Cn×n for which QA(A) 6= On.

(6) [+2] Show that A ∈ Cn×n is Hermitian if and only if there is an orthonormal basis {~v1, . . . , ~vn} for Cn

and scalars λ1, . . . , λn ∈ R such that A =
∑n

i=1 λi~vi~v
∗
i .

(7) For a matrix A ∈ Cn×n, the trace of A is defined as trA =
∑n

i=1Aii; that is, the sum of the diagonal

entries.

(a) [+1] Let A ∈ Cm×n and B ∈ Cn×m. Show that tr(AB) = tr(BA).

(b) [+1] Let A ∈ Cn×n be a matrix with eigenvalues λ1, . . . , λn (not necessarily distinct). Show that

trA = λ1 + · · ·+ λn.

(8) Bonus[+1] Let {~v1, . . . , ~vn} be any orthonormal basis for Cn. Show that trA =
∑n

k=1〈~vi, A~vi〉 where

〈·, ·〉 is the standard Hermitian inner product.
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