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Theorem 1. If G is an n-vertex graph, then x(G) - x(G) > n.
There are many proofs of this fact; here are two:

Proof. We know that w(G) = a(G), so by applying our two lower bounds on the chromatic number,

we have
n

a(G)

X(G) - x(G) = ‘w(G) =n. O
Proof. Let f1: V — [x(GQ)] be a proper coloring of G and let fo: V — [x(G)] be a proper coloring
of G.

We then define f: V — [x(G)] x [x(G)] by

f(x) = (fi(z), f2()).
Observe that f is a x(G) - x(G)-coloring. We claim that f(x) # f(y) for all x # y € V, which will

imply that x(G) - x(G) > n.
Indeed, fix any z Ay € V.

Case 1: zy € E(G). Since fi is a proper coloring of G, we then have fi(x) # f1(y) and so

flx) # fy) _ _
Case 2: zy ¢ E(G). Then xy € E(G) since x # y. Since f, is a proper coloring of G, we then
have f3(z) # fo(y) and so f(z) £ f(y). O

While the second proof probably seems more complicated, the idea held therein is much more
versatile (wink wink nudge nudge).
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