MATH 314 HW #13 May 3

This homework is from https://mathematicaster.org/teaching/graphs2022/hwl3.pdf

Unless explicitly requested by a problem, do not include sketches as part of your proof. You are free to
use the result from any problem on this (or previous) assignment as a part of your solution to a different
problem even if you have not solved the former problem.

Problem 1 (2pts). The 3-color Ramsey number R(m,n,p) is the smallest integer N such that
every 3-coloring of E(K ) (say with colors red, blue and green) contains either a red copy of K,,,
a blue copy of K, or a green copy of K,,.

Prove that R(3,3,3) < 17.
N.b. It turns out that R(3,3,3) = 17, but I'm not asking you to prove the lower bound.

Problem 2 (2pts). Prove that R(3,n) < n? for every positive integer n.
(Hint: It’s probably best if you just think about G vs G instead of red,blue-colorings here.)
(Hint: Review the silly upper and lower bounds that we proved on chromatic numbers on
04-05.)

Problem 3 (2pts). Consider coloring the numbers in [17] red and blue, i.e. we have a function
f:[17] — {red, blue}. Prove that there exist a # b € [17] such that f(a) = f(b) = f(a +b). (Note
that no integers outside of [17] receive any color, so it must be the case that also a + b € [17] in
order for this to happen.)

(Hint: Create a red,blue-coloring of E(Kg) (thinking of V' (Kjg) = [18]) based on the differences
between the points.)

(Hint: (x —y)+ (z—2)=2—y.)

You can receive 1.25pts/2 if you prove a simplified version of the claim where you
allow a = b. (such a proof could completely ignore the hint if you so choose and can also be
accomplished when 17 replaced by 5, but you don’t have to)

I'm not schur if 17 is the smallest integer for which the claim is true. I'll hand out 1 bonus
point if you can determine (with proof) the smallest integer for which the claim is still true.

Problem 4 (2 + 2 pts). Let n be a positive integer and set N = 3n — 1.

1. Prove that every red,blue-coloring of E(Kpy) contains a monochromatic matching with n
edges.!

(Hint: Show that there exists an incident red- and blue-edge unless every edge gets the same
color)

2. Construct a red,blue-coloring of E(Ky_1) which does not contain a monochromatic matching
with n edges.

(Hint: Break V(Ky_1) into two pieces, one of size 2n — 1 and the other of size n — 1, and
color the edges based on how they intersect these two pieces)

'Fun fact (if you care). Suppose that the red,blue-coloring of E(Kx) was initially hidden from you and, one by
one, you're allowed to ask about the color of whichever edges you desire. How many edges do you have to ask about
in order to actually find a monochromatic matching with n edges? Of course, you can find the matching by asking
about about the color of all (]g ) edges thanks to this problem; however, you can do much, much better. It turns out
that you can actually get away with asking about only N — 1 of the edges! The general case (more than two colors)
is still open, though, if you care to think about it :) The relevant papers are https://arxiv.org/abs/1904.00246
and https://arxiv.org/abs/2010.04113.
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