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I encourage you to first read through all of these problems and then focus first on those with which you're
less comfortable.

Problem 1. Show that every tree is bipartite.

Problem 2. Show that if G has |E(G)| = |V(G)| + k for some integer k > —1, then G contains at
least k + 1 distinct cycles (though these cycles may overlap substantially).

Problem 3 (Fulkerson-Hoffman-McAndrew conditions). Prove that if dy > --- > d,, is graphical,
then )" | d; is even and

k n
Zdi <k(m-1)+ Z min{d;, k}, for every k,m € [n] with & < m.
i=1 i=m+1

Note that these conditions imply the Erdés—Gallai conditions (why?) and so this is actually a
biconditional statement.

Problem 4 (Bollobés conditions). Prove that if d; > --- > d,, is graphical, then > | d; is even

and
k

k n
Zdi < Zmin{di, E—1}+ Z min{d;, k}, for every k € [n].
i=1 i=1 i=k+1

Note that these conditions imply the Erdés—Gallai conditions (why?) and so this is actually a
biconditional statement.

Problem 5 (Griinbaum conditions). Prove that if d; > --- > d,, is graphical, then > | d; is even

and
n

k
Zmax{di, k—1}y <k(k—1)+ Z min{d;, k}, for every k € [n].
i=1 i=k+1

Note that these conditions imply the Erdés-Gallai conditions (why?) and so this is actually a
biconditional statement.

Problem 6 (Ryser conditions). A pair of sequences (a1, ..., an), (b1,...,by) is said to be bipartite-
graphical if there is a bipartite graph G with parts A = {v1,..., v} and B = {uy,...,u,} such
that degv; = a; for all i € [m| and degu; = b; for all i € [n].

Suppose that di,...,d, is a graphical sequence. Show that if v1,...,7, is any sequence such
that v; € {d;,d; + 1} for all i € [n], then the pair of sequences (v1,...,vn), (71,--.,7n) is bipartite-
graphical.

Turns out that this is actually a biconditional statement if we include the condition that > | d;
is even. That is to say that if Y " | d; is even and the pair (y1,...,7v), (71,...,7) is bipartite-
graphical for all sequences 71, ...,7v, with v; € {d;,d; + 1} for all ¢, then dy,...,d, is graphical. (I
don’t expect you to prove this.)

Problem 7. This problem will walk through another proof that trees on n vertices have n — 1
edges. Let T be a tree and fix any vertex u € V(T'). For each non-negative integer i, set V; = {v €
V(T) : d(u,v) = i}. Note that Ny = {u} and that N is the neighborhood of u.
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1. Show that V/(T') = [ |;5q V-

2. Show that if xy € E(T'), then there is some ¢ > 0 such that x € N; and y € N;41 (or vice
versa).

3. Show that for each ¢ > 1 and any v € N;, v has exactly one neighbor in N;_;.
4. Use these facts to prove that |[E(T)| = |V(T)| — 1.

Problem 8. This problem shows that the main idea in problem 7 actually classifies all trees. Let G
be a graph and suppose that there is a partition V(G) = VyU- - - UV, with the following properties:

1. V; is non-empty for all i € {0,...,k}, and

2. G[W) is a tree, and

3. V; is an independent set for all ¢ € [k], and

4. For each i € [k] and any v € Vj, v has exactly one neighbor in U;;%) Vj.
Show that G is a tree.

Problem 9 (Boruvka’s algorithm). Let G be a connected graph and let w: E(G) — R be a weight
function which assigns distinct weights (i.e. w(e) # w(s) for any distinct e, s € E(G)).

Initialize F' = (V(G), @) and iterate the following process:
1. If F is connected, terminate and return F.

2. If F' is disconnected, suppose that Fi,..., Fy are the connected components of F. For each
i € [k], let e; be the minimum weight edge which has exactly one vertex in F; (note: there
cannot be any ties since w assigns distinct weights). Replace F' by F' + e; + -+ + e and
repeat (note that it’s possible that some of the e;’s are the same — if this happens, we add
that edge in only once).

Prove that this algorithm returns a minimum weight spanning tree of G. (Note: The most
difficult part is arguing that the graph returned is acyclic.)

Extra fun: Why did we need to require that w assigned distinct weights? How could you modify
Borivka’s algorithm if this is not the case?

Extra extra fun: Show that Boruvka’s algorithm terminates after at most |logy|V(G)|] itera-
tions.

Problem 10 (Challenge question ©). Show that if |E(G)| > 2|V (G)], then G contains a cycle of
length at most 2[log,|V(G)|] — 1.



